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We studied the high-harmonic generation of H2+ ions in an intense laser field by solving the time-dependent
Schro¨dinger equation in prolate spheroidal coordinates. By analyzing the power spectra of the harmonics with
the electric field polarized along the molecular axis, we found that the yield of the third-order harmonic drops by
several orders of magnitude at a specified aligned angle between the laser polarization direction and the molecular
axis. The laser polarization angle of the minimum depends on the internuclear distance and it disappears both in
the separated- and united-atom limits. This infers that the minimum is associated with the molecular symmetry.
By decomposing individual contributions of the σ and π states, we identified that the minimum is attributed to
the cancellation of the induced dipole moments of the σ and π states, like a dynamical Cooper minimum, but the
position of the minimum can be tuned by the laser intensity for a given internuclear distance.
DOI: 10.1103/PhysRevA.86.053418 PACS number(s): 33.80.Rv, 42.65.Ky, 33.20.Xx
I. INTRODUCTION
High-harmonic generation (HHG) has been a popular
research topic since it was discovered in late 1980s [1,2]. The
mechanism of the HHG was explained by the three-step model
proposed by Corkum [3]. Since then, extensive studies have
been done on how to generate a very-high-energy HHG [4–7]
and how to generate an intense HHG through phase-matched
generation [8–10] or a dual-gas multijet array [11–13]. The
created attosecond pulse [14–16] or pulse train [17,18] can
be used as a coherent XUV source to study dynamics
in femtosecond [19–21] or even attosecond time domains
[22,23]. Although the mechanism of the HHG is known, the
HHG of atoms and molecules in an intense laser field has
to be studied case by case, since the HHG is a nonlinear
process depending on the details of the atomic and molecular
structures. For example, the HHG yields can be enhanced
significantly at certain nuclear separations for H2+ molecular
ions [24], and the yields can be tuned by the alignment of the
molecular ions to the laser polarization [25].
The HHG can also be used to extract information regarding
the electronic structure of molecules [26–28], and a recent
experiment has revealed the Cooper minimum [29] of N2 by
molecular frame high-harmonic spectroscopy [30]. Stimulated
by these developments, we investigate the HHG of H2+ in an
intense laser field. We found that the yield of the third-order
harmonic with its electric field polarized along the molecular
axis has a minimum when the laser field is along a certain
angle with respect to the molecular axis. The position of this
Cooper-like minimum [29] can be tuned by the laser intensity.
The angle of the minimum also depends on the internuclear
distance. By decomposing contributions from the molecular
wave functions with different symmetries, we show that the
minimum is associated with the cancellation of the induced
dipole moments from the σ states and π states. Although
the account of the induced dipole component perpendicular
to the molecular axis may wash out the minimum, such a
*tong.xiaomin.ga@u.tsukuba.ac.jp
minimum could still be observed by the molecular frame
high-harmonic spectroscopy [30]. The minimum can be used
to obtain information regarding the internuclear distance, the
laser property, and the molecular alignment parameters in the
molecular ion beam experiments [31].
II. THEORETICAL METHOD
We calculate the HHG by solving the time-dependent
Schro¨dinger equation in prolate spheroidal coordinates, which
are suitable for describing two-center problems properly. Here
we brief only on the central equations, and the details of
the numerical procedure can be found in our previous papers
[32,33]. The time-dependent electron wave function (t) of
H2+ at a fixed internuclear distance satisfies the following
equation (atomic units h¯ = m = e = 1 are used unless stated
otherwise):
i
∂
∂t
(t) = [H0 + Vext(t)] (t). (1)
H0, the laser-field free Hamiltonian of H2+, is read as
H0 = −12 
2 − 1
r1
− 1
r2
+ 1
2a
, (2)
where r1 (r2) is the distance between the electron and nucleus
one (two). The electron laser interaction Vext(t) is written as
Vext(t) = F (t)[aξη cos θ + a
√
(ξ 2 − 1)(1 − η2) cos ϕ sin θ ],
(3)
where a = R/2, with R the internuclear distance, and θ the
angle of the laser polarization with respect to the molecular
axis. F (t), the linearly polarized time-dependent laser field
strength, is written as
F (t) = E0 e−2 ln 2 t2/τ 2 cos(ωt), (4)
with E0 the peak field strength, τ the full width at half
maximum of the pulse duration, and ω the center frequency of
the intense laser. Here we assume that the laser polarization
is in the xz plane. ξ , η, and ϕ are the prolate spheroidal
053418-11050-2947/2012/86(5)/053418(5) ©2012 American Physical Society
YING-JUN JIN, XIAO-MIN TONG, AND NOBUYUKI TOSHIMA PHYSICAL REVIEW A 86, 053418 (2012)
coordinates, which are related to Cartesian coordinates x, y,
and z as
x = a
√
(ξ 2 − 1)(1 − η2) cos ϕ, (5)
y = a
√
(ξ 2 − 1)(1 − η2) sin ϕ, (6)
z = aξη. (7)
Since H0 has the rotational symmetry with respect to the
molecular axis, the time-independent wave function can be
written as
ψm(ξ,η,ϕ) = m(ξ,η)eimϕ, (8)
where m is the projection of the electron orbital angular
momentum onto the molecular axis. m is a good quantum
number if there is no laser field, or the laser field is along the
molecular axis. We discretize ξ,η using a generalized pseu-
dospectral method [34,35] and propagate the time-dependent
wave function as
(t + t) = e−iH0t/2e−iVext(t)te−iH0t/2(t) (9)
by the second-order split-operator method in the energy
representation [36] with (t = −∞) = g , the ground-state
wave function of H2+. Once we obtain (t), we can evaluate
the time-dependent induced dipole moments as
dz(t) = 〈(t)|z|(t)〉, (10)
dx(t) = 〈(t)|x|(t)〉, (11)
where dz (dx) is the induced dipole moment parallel (perpen-
dicular) to the molecular axis. Since the laser electric field is
in the xz plane, the induced dipole moments are also in the
xz plane. The power spectra of the HHG are obtained by the
Fourier transformation of the induced dipole moments as
Pz(E) =
∣∣∣∣1τ
∫ ∞
−∞
dz(t)e−iEtdt
∣∣∣∣
2
, (12)
Px(E) =
∣∣∣∣1τ
∫ ∞
−∞
dx(t)e−iEtdt
∣∣∣∣
2
, (13)
where E is the emitted photon energy. The total power spectra
of the HHG can be written as a linear combination the two
components, depending on the experimental setup. Using the
molecular frame high-harmonic spectroscopy [30], one can
single out the HHG yields corresponding to Pz or Px .
III. RESULTS AND DISCUSSION
Using the above method, we investigate the HHG of H2+ in
an intense laser field. Figure 1 shows the HHG power spectra
of Pz(E) when the laser polarization is along three different
angles with respect to the molecular axis. The laser wavelength
is 800 nm with a pulse duration of 15 fs and intensity of
1014 W/cm2. For most of the HHGs, the yield decreases as the
laser polarization angle θ increases. This tendency is consistent
with Telnov’s work [25], and it can be easily understood
since the z component of the laser field strength decreases
for increasing of the angle θ . The yield of the third-order
harmonic drops by several orders of magnitude around θ = 30◦
nd increases again as θ increases further. By varying numerical
simulation parameters—such as the number of grid points,
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FIG. 1. (Color online) Power spectra Pz(E) of the HHG for H2+in
an intense laser field when the laser polarization is along 0, 30, and
60 degrees. The H2+ is at the equilibrium distance R = 2.0 a.u. and
the laser parameters: wavelength of 800 nm, pulse duration of 15 fs,
and intensity of 1014 W/cm2.
the box size, and absorber position—we confirmed that the
minimum of the third-order harmonic at 30◦ is not accidental.
To explore the physical origin of the minimum, we plotted
the yields of the third-order harmonic as a function of the angle
between the molecular axis and the field polarization direction
for three different wavelengthes in Fig. 2. Although the angle
of the minimum changes slightly as the laser wavelength
changes, the minimum exists for all three cases. Thus we
conclude that the minimum does not originate from resonant
structures, since the processes involved in resonant structures
are sensitive to the laser wavelength [32] or the nuclear
separation [24].
For the induced dipole moment along the molecular axis,
dz(t) can be further recast as a sum of each individual
contributions of m state as dz(t) =
∑
m dz,m(t), and the power
spectra as well. We plotted Pz(3ω) and its major components
from m = 0 (σ ) and m = 1 (π ) states in Fig. 3. We see that
the yield of the third harmonic decreases at first as θ increases,
reaches a minimum at 30◦, and then increases again as θ
increases. Finally, the yield drops again as θ approaches 90◦,
since the field component along the molecular axis is zero
when the laser field is perpendicular to the molecular axis. In
Fig. 3 we see that the σ states are the major contributor to
the third-order harmonic when the laser field is almost along
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FIG. 2. (Color online) Yields of the third harmonic for the
wavelengthes of 600 nm (dashed line), 800 nm (solid line), and
100 nm (dotted line). The other laser parameters are the same as
in Fig. 1.
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FIG. 3. (Color online) Yields of the third harmonic and the
contributions from the σ (dashed curve) and π (dotted curve) states.
The yield from σ states without π states in the time propagation is
also plotted (dash-dotted curve). The laser parameters are the same
as in Fig. 1.
the molecular axis. As the polarization angle increases, their
contributions decrease while the contributions from π states
increase. At 30◦ the two contributions from the σ and π states
become equal. Since the power spectra of σ states are larger
than the total power spectra when θ < 30◦, the contribution
of the π states must have an opposite sign from the one of
the σ states. Cancellation of the two components results in
the minimum of the power spectra at 30◦. Interestingly, even
the power spectra of Pz of the σ states only have a minimum
around 45◦, as shown in Fig. 3. If we remove the π states in the
propagation of Eq. (1), the minimum disappears (dash-dotted
curve in Fig. 3). The minimum at 45◦ comes from the indirect
contribution of the π states in the time evolution of Eq. (1),
in contrast with the minimum at 30◦, which is caused by the
direct cancellation of the dipole moments between the σ and π
states. Since this minimum of the σ states at 45◦ is concealed
by the π states in the total yield and cannot be observed in
the experiment, we will not discuss its internuclear distance
dependence and the laser intensity dependence.
Since the minimum of Pz(3ω) is not associated with the
resonant structure, it should also exist for other internuclear
distances. Figure 4 shows the yields of the third-order
harmonic as a function of the internuclear distance R and laser
polarization angle θ . We see a dark curved line representing
the minima of the yields. The angle of the minimum increases
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FIG. 4. (Color online) Power spectraPz(3ω) of the third harmonic
for H2+ as a function of the angle θ and the internuclear distance R.
The laser parameters are the same as in Fig. 1.
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FIG. 5. (Color online) Power spectra of the third harmonic for
H2+ as a function of the angle θ and the laser intensity. All the other
laser parameters are the same as in Fig. 1.
as the internuclear distance increases. For small internuclear
distance (R < 1.8 a.u.), there is no minimum. The minimum
appears when the laser field is parallel to the molecular axis at
R ≈ 1.9. Then the minimum moves to a large angle when the
internuclear distance R increases. When R increases further,
in the separated-atom limit, the minimum disappears again.
This infers that there is no minimum in atoms, either in the
separated- or united-atom limit. This can be understood from
the symmetry point of view since, for atoms, the HHG yield
does not depend on the laser polarization direction.
In the following we investigate the laser intensity de-
pendence of the minimum. Figure 5 shows the yield of the
third-order harmonic as a function of the laser intensity and
laser polarization angle θ . We see that the angle of the
minimum decreases as the laser intensity increases, but the
contrast becomes weaker. Comparing the relative yields from
the σ and π states, we find that the yield from the π states
becomes dominant as the angle θ increases for the high laser
intensity. As we discussed above, the minimum appears when
the contributions from the σ and π states are equal. If there
is one dominant contributor, the minimum disappears. This
confirms that the minimum is a general behavior for the
third-order harmonic of H2+ in an intense laser field. The angle
of the minimum depends on the laser intensity, internuclear
distance, and so on. We may use those properties to extract
the internuclear distance, laser information, and alignment pa-
rameters in the molecular frame high-harmonic spectroscopy.
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FIG. 6. (Color online) Power spectra of the third harmonic of H2+
and its components parallel (dashed curve) and perpendicular (dotted
curve) to the molecular axis as a function of the angle θ . The laser
parameters are the same as in Fig. 1.
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So far, we only focused on the power spectra of the third-
order harmonic for the dipole moment along the molecular
axis. Figure 6 shows the total power spectra of the third-order
harmonic and its components parallel and perpendicular to the
molecular axis as a function of the laser polarization angle
θ . We see that the angle of the minimum spreads over a large
range in the linear scale. Different from Pz, the power spectrum
of Px increases monotonically as angle θ increases, its
magnitude becomes larger than the one of Pz at θ = 20◦. Con-
ventionally the HHG comes mainly from the transitions from
excited or continuum states to the ground state [37]. As shown
in Fig. 3, the minimum appears when the transition to the exited
states (π ) is comparable to the transition to the ground state.
This could be a general behavior when there are two radiative
recombination pathways with comparable strengthes.
To summarize, we have studied the HHG of H2+ ions in an
intense laser field and found that there is a minimum for the
third-order harmonic at a given laser polarization direction.
By decomposing the contributions from different molecular
wave functions, we showed that the minimum is associated
with the cancellation of the induced dipole moments from
the σ and π states. Such a minimum may also exit for other
molecular systems if the induced dipole moments originate
from two equally important pathways. Since the position
of the minimum depends on the molecular structures, laser
parameters, one may extract the molecular bond length, the
recombination time when the rescattering electron radiatively
recombines with the parent-core, by measuring the third-order
harmonic in the molecular frame [30].
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